In this paper, we derive some Hartman-Wintner type inequalities for a certain higher order fractional boundary value problem. As an application of our results, we obtain a lower bound for the eigenvalues of the corresponding fractional operator.
Introduction and preliminaries
Consider the following boundary value problem with Dirichlet conditions:
x(a) = x(b) = 0, (1.1) where q : [a, b] → R is a continuous function. Lyapunov [26] proved that if the abovementioned boundary value problem has a nontrivial solution, then b a q(t) dt > 4 ba , (1.2) and the constant 4 is sharp, which means that it cannot be replaced by a larger number. Inequality (1.2) has found many applications in the study of different properties of the solutions of (1.1). Due to its usefulness in various applications, several generalizations and extensions of Lyapunov inequality have been given by various authors. In particular, Hartman and Wintner [15] proved that if (1.1) has a nontrivial solution, then For other generalizations and extensions of Lyapunov's inequality, we refer the reader to [5, 7, 10, 14, 19, 29, 30, 34] and the references therein.
In recent years, fractional calculus is becoming very popular among various fields due to its widely applications in science and engineering (see [1-4, 8, 9, 16, 18, 24, 27] and the references therein). Due to this fact, different Lyapunov type inequalities have been obtained recently for various fractional boundary value problems. The first work in this direction is the paper [11] of Ferreira, where he established a Lyapunov type inequality for the fractional boundary value problem
a is the Riemann-Liouville fractional derivative of order α. Ferreira proved that if the above fractional boundary value problem has a nontrivial solution, then
(1.3)
Passing to the limit as α → 2in inequality (1.3), one obtains Lyapunov's classical inequality (1.2). In [12] , Ferreira derived a Lyapunov type inequality for the Caputo fractional boundary value problem 
Similarly, passing to the limit as α → 2in inequality (1.4), one obtains Lyapunov's classical inequality (1.2). Moreover, a nice application on the zeros of a certain Mittag-Leffler function was presented in [12] . Motivated by the above cited work, some authors continued the study of Lyapunov type inequalities for different fractional boundary value problems. We refer to Jleli and Samet [21] [22] [23] , Rong and Bai [32] , O'Regan and Samet [28] , Cabrera et al. [6] and the references therein.
In this paper, we are concerned with the problem of finding some Hartman-Wintner type inequalities for the following higher order fractional boundary value problem:
where D ν a denotes the standard Riemann-Liouville fractional derivative of order ν, n ≥ 3, n -1 < ν < n, n -3 < α < n -2 and q : [a, b] → R is a continuous function. Next, we present some applications to eigenvalue problems. Note that (1.5) contains as special cases various fractional boundary value problems that arise in nonlinear analysis and its applications. For example, for n = 4, (1.5) is a fractional model of an elastic beam equation (see [25] ).
In the sequel and for convenience of the reader, we present some definitions and basic facts about fractional calculus which will be used later. For more details, we refer to [17, 20, 24, 31, 33] .
Let (a, b) ∈ R 2 be such that a < b. Let N be the set of positive integers. We denote by
Definition 1 Let f ∈ L 1 (a, b) and α > 0. The Riemann-Liouville fractional integral of order α of f is defined as
where Γ denotes the gamma function.
provided that the right-hand side is defined almost everywhere in [a, b] .
Let α > 0 and n = [α] + 1. We denote by
where c i , i = 0, . . . , n -1, are constants and θ ∈ L 1 (a, b).
Lemma 4 (see [20] ) Let α > 0 and n =
where y ∈ C( [a, b] ). Then c 0 = v(a) = 0, where c 0 is the constant appearing in (1.6).
Lemma 5 (see [24] ) Let α, β > 0 and f ∈ L 1 (a, b). Then
Main results
We start this section by deriving the Green's function for Problem (1.5) . In the particular case a = 0 and b = 1, the Green's function was obtained in [13] .
Lemma 6 Let n ≥ 3, n -1 < ν < n, n -3 < α < n -2 and y ∈ C ([a, b] ). Then the fractional boundary value problem
, which is given by
where the Green's function G(t, s) is given by
Proof By Lemmas 3 and 4, one has
for some constants d i ∈ R, i = 1, 2, . . . , n -1. Using the boundary conditions x (i) (a) = 0, 1 ≤ i ≤ n -2, one obtains
which yields
Next, taking into account that
and that (see (i) and (ii) of Lemma 5)
The above equality and the boundary condition [D α a x(t)] t=b = 0 yield
which implies that
Therefore,
where χ denotes the characteristic function. Therefore, the result follows.
The following lemma provides some useful properties of the Green's function G(t, s).
Lemma 7 The Green's function G(t, s) satisfies the following properties:
(iii) G is non-decreasing with respect to the first variable.
On the other hand, for a ≤ s < t ≤ b, we have
Therefore, (ii) follows. In order to prove (iii), we shall study the sign of ∂ t G; the partial derivative of the function G with respect to the first variable t. For a ≤ s < t ≤ b, we have
On the other hand, for a ≤ t ≤ s ≤ b, we have
This proves the non-decreasing character of the function G with respect to its first variable.
The following result is an immediate consequence of Lemma 7.
Lemma 8 The Green's function G satisfies
Our first result in this paper is the following Hartman-Wintner type inequality. Proof We endow the space C([a, b] ) with the Chebyshev norm ([a, b] ) be a nontrivial solution to (1.5) ( x ∞ = 0). By Lemma 6, we have
Since x is nontrivial, we have
Taking into account Lemma 8, we obtain
which yields the desired inequality.
In what follows, we present a Lyapunov type inequality associated to Problem (1.5).
Consider the function
We have
One observes easily that
Note that, from the assumptions n ≥ 3, n-1 < ν < n and n-3 < α < n-2, one has s * ∈ (a, b). Moreover, it is easy to check that ϕ (s) ≥ 0, s ∈ a, s * and ϕ (s) < 0, s ∈ s * , b .
Therefore, since ϕ(b) = 0, we deduce that
A simple computation yields
Now, under the assumptions of Theorem 9, one has
Therefore, one obtains the following Lyapunov type inequality for Problem (1.5).
Corollary 10
Suppose that (1.5) has a nontrivial continuous solution.
Theorem 9 and Corollary 10 have as consequences some Hartman-Wintner and Lyapunov type inequalities for ordinary boundary value problems. Indeed, in the limit cases ν → nand α → (n -2) -, (1.5) reduces (formally) to the ordinary boundary value problem
x(a) = x (a) = · · · = x (n-2) (a) = x (n-2) (b) = 0,
where n ∈ N, n ≥ 3, and q ∈ C ([a, b] ). Hence, one deduces the following results. Finally, we present a numerical example where our results can be applied. As we mentioned at Introduction, this example describes the deflection or deformation of an elastic beam under a determined force.
Example 13 Consider the following boundary value problem: 
Application
In this section, we present some applications of the previous obtained inequalities to eigenvalue problems. We say that λ ∈ R is an eigenvalue of the fractional boundary value problem ⎧ ⎨ ⎩ -D ν a x(t) = λx(t), a < t < b, x (i) (a) = 0, 0 ≤ i ≤ n -2, [D α a x(t)] t=b = 0,
where n ≥ 3, n -1 < ν < n and n -3 < α < n -2, if Problem (3.1) admits at least a nontrivial continuous solution x λ , which is called an eigenvector associated to the eigenvalue λ.
Corollary 14
If λ is an eigenvalue of Problem (3.1), then
